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ABSTRACT

-his"Repa m 4s set of Equationswhich may
be used to describe the re-erary trajectory of a coasting
tumbling rocket. The Equations of motion are kept as gen-
eral as possible, with the P ptions that the azimuth co-
ordinate is linearized, an( ; and'Magnus forces are
neglected. -.

I. COORDINATE SYSTEMS

Fixed at the center of the earth is the origin of an XYZ coordinate system (FMg. 1). The

Y axis paoaes through the point at which the initial conditions art estaLlished, the XY plane

ý,)ntsins the target, aned the Z axis completes a right-hand coordinate system.
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Fig. 1. Sprce Ceordu•ate SysterM
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The rocker ý.enter of mast is locat-.d by the cylindrical coordinates r, y, z: r is the

distuince from the origin to the projection cf the rocket center of mass on the XY plane, ;' is the

angle between Y and r. and r ;- i4,ntiial to Z. There are two sets of space axes located with

their origins at the eocket ce.: . of ,r..A . '0... .. or;iý",,d th " :

are parallel, respectively, to the XYZ axes. The xy. coordinate systc,; is so Oriented tY,%t 4.

xy plane is parallel to the XY plene, and y is parallel to r. Also located with its origin at the

rocket center of mass is a set of ýr /body axes (Fig. 2). The rol axis is e. the yaw axik is YI

and the pitch axis is 4.

I I

Fig. 2. Body Coordinate System

The orientation of the body with respect to the Xuv coordinate system is described by

the Euler angles 0, 0, 0, in the following manner (Fig. 3)1. Starting with ý 4.axes respectively

coincident with the Xtiv axer, the 6? Caet is rotated counterclockwise by an angle r5 about the

4axis. The second rotation is counterclockwise by an angle 6 about the faxis; whereas, the

third rotation is counterclockwise by an angle 0 about the 4axis. Also, it should be noted that

tFigure 4-6 from Classical Mechanics by Hlerbert GoJdstein, Copyright 1950 by Addison-%eqiv Pubhshinc.

Company, Inc., Reading, NMa..s. U.S.A. Pormisnion to use thin figure in thb. report only grantrd by the

opyri.ght owner. Addison-%esley Publishing CompWrm, In,, .
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the XIII, coordinate system is obtained by rotating the xyz coordinate system counterclockwise by

the arngle y about the z axis.

The matrix A (y q5, 0, '0) is used to transform vectors from xyz coordinates to Xqiv

~wh~ezas, its inVe.-SE A-1 (y, 6,0, .~)is used to perform the inverse transformation.

These matrices are:

coSO cos(O'.y -cosO sin(O' +,) sinq' :osO sinfO +'Y) +co-.9 cos((ý +-/) smn~k sin4' sinO

A -sizup cos(O +-) -eos sn(+7 cosO, -sin'k sin(ý6+-/) +cos 6 cos(O v cosOk cosO' sineP

sinO sin(O+-Y) -sine co-s() +Y) colso

cosOL cos(O +-v) -case sin(6' +'Y) Rint, -sinO~ cos(O +,Y) -coag sin(O +7) cosl' ninO sin(o +T)

A-' co-O' 3 jfl(Aý+-) +ccsO r~os(O +-) sinO' -%inb~sin(O+vY) +cos~ cos('+7) cosV, -sinO coa(,b+V)

sing' siaO costk M.iO cono

IBcSt Available. Copy3
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II, TRAJECTORY MOTION

If motion in the z direction iB small, the Et, -tions describing the triectory of the rocket

center of mass can be written in the cylindrical coordniates ,

Vx1
d, r

dr
-- V (1)
dt

dz

dIt

D vy

dt m r

dL' L v 2
y x

-+ - _ go0 - (2)
dit m r r

d1, S

di m )l

where

u. = component of veiocýy vcctor along x axi,

= component o! velocivv vt"ctor .mong y axis

compo.ent 'If velociLY 'ector ThJng z

S- co:nponc.nt -,f ierodvn amco vector alon. x a

, c,-,.-ntet of aerolyw"C ic f-•rce nlonr v -
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m - coastkag mass of the re-entry body

90 = sea-level acc'Aeratiou of gravity

r0 = sea-level radius of the earth

MI. ANGULAR MOTION

Euler's Equations are used to describe the angular motion of the body about its center of

dt

dwJ

dt

•- priiciptl ,•rt•ent of inertia ii.out t"" i.h axie

"- .•y r a x-is

AI6
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In order to obtain the Equetions' of motion iu terms of Euler engle., nDw corn.-::n f--

-th angular velocity vector are defined.

a° ud = (.

d: !

S= j 4)
dt

In the body system of coordiates, cuo huas the components

wo liiio sino~ (WO4%,- rJ,6 sinG COSO' (WO~) Ck COF40

Wohas t' e componenta

(0,9) = o~f W, -O& We sino = 0c

and whas the components

0 0 (LO V,

Adding thent components, the comporentu of the angular velocity vector in bodly coordirates are

ait follow•:

\1 a c0 -: n 6 -; C ox

• . t• fi lo w th a t

Best Available CopY
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dco ~ dwrj do),,
sino sialp -- S cosk - cO -OS 6uý)

4t di dt

deo)~ d of a d(

di d di Jt

Cnmbiniug Eqs. (3) with Eqs. (6) gives

dw~ sino& COS
sine -- - f + (1,. -1~ ca, cOj -a - M,, + (1, &1),. w~Colf -01~ Cosa (0,ý

dt I n

[me +Il W( 17 10 +i (It7 (-1e) Cut We~ I WO~ co.4 SiDO

dwr 1 d

-i 1= - -1, +i

The rotfitionnI motior. can he completelY Je23cribed by Egs. W4, (5) and (7).
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IV. AERODYNAMIC FORCES AND MOMENTS

Aerodynamic force and mompent coefficients "e usually available in body coordinates:
therefore, it is necessary to find the components of the stream velocity vector in body coordinates

Ulfi - (v" - w)

U A VY(8)

u6 - - (vx - W.) [cosO cos(O + y) - cosO sin('k 4- y) sin]

- v y [cosf sinf( + Y cos+ coS(O + y) sini/, - .V: - w) sine& sine

U = (VX - wx) [in0 cos('ý + y) + cosO sin(( + y) con, k9)

4- Vy r8sin& sin(8i 4- y) - cos8 coS(O + y) cosi] - (vz - w.) cost sin C

U - - wX) sin0 sin(o +- y' + vy sine cos6$ + y) - (v - U'.) cosJ

In body coordinates, the aerodynamic forces are then found from

F. =.----- i IP Wr) + U2 
+ U2 ! d2 

C,(, 9, 5¶, y Re) i ,i,4 (10)

I J 1 2 i. -

where

a = angle of attack

Sroll angle

o f-n deflection

['¶Tuations (2) require i-crodynamic force componentg iri space coordinatcs, therefore F, F, , iand
ri•' rl, t he hraneformed to space coordinartes

Best Av Q-U abIe Copy
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DF

:L A-1 F• 771

SF

Since the aerodynamic coefficients are functions of angle of attack and coll angle, it is necessary

to determine these a.ngles.

D F. [cos¢ cos(d + y) - cosO sin(o + y) sino, -F,?

[sino cos(o + y) + coso sin(o + y) coso I + Fc sin0 sin(qS + y)

L = Ff [coso sin(9+ + + co0 0 cos(4k + y) sinu] - F3 (12)

[sinO sin(9, + y) - cosO cos(95 + y) cosO] - F• sin0 cos(o •- y)

S - F sin0 sino + F77 sin0 coso + Ft cosO

cos a. 2- cos 2= 2 i (13)
(1~+ U 7+ UC+

'Me pitching moment is given by

-1

the yawing momen't by

ur. 1
W. 1~ 142 U ( 3C (,1,5 ,R)1'5)

T) 2 77 ~)3C 77 (-xf,,A,~)

pcc 9
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and the rolling moment by

1 2 .~2+uX d2 IC.,f (a, 5, Y, !Re) (16)

2

V. SUMMARY

The trajectory Equations (1 and 2) simultaneously with the rotation Equations (4, 5, and 7)

describe the dynamics of the coasting rocket. The aerodywimic forces are given by Eqs. (10) and

(12), whereas, the aerodynamic moments are obtained from Eqs. (14), (15), and (16). The forces

and moments are functions of angle of Pttack, roll angle, and fin deflection. Angle of attack and

roll angle are computed by Eq. (13); whereas, fin deflection is a programmed input. All aerodynamic

coefficient3 must be supplied as inputs.
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NOMENCLATURE

A( y, 0 transformation matrix from xyz axes ý7 Caxes.

A 1 ( y, -6, 0, 01) = transformation matrix from eq Caxes to xyz axes.

Ct= aerodynamic coefficient of normal force in yaw plan~e.

C 7 aerodynamic coefficient of normal force in pitch plane.

Ce= aerodynamic coefficient of cord force.

CqC= aerodynamic coefficient of pitch about center of mass.

C1-=aerodynamic coefficient of yaw about certer of mass.

C~ r= aerodynamic coefficient of roll about center of mass.

d - rocket base diameter.

D aerodynamic force component along x axis.

F; aerodynamic normal force in yaw plane.

F77, aerodynamic normal force in pitch Oilane.

Ff aerodynamic cord force'.

=0 sea-level acceleration of gravity.

it pitch moment of inertia.

in yaw moment of inertia.

it roll moment of inertia.

I distance between missile axis and fin center of pressure.

L =aerodynamic force component along y axis.

m =mass of coasting rocket.

Ml Mach number.

.1 pitch mome~it, see Eq. (14).

yaw moment, -ieEq. (15).

M roll moment, see Eq. (16).

sea-level radius of earth.

Page 11
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NOMENCLATURE (Cont'd)

Re = Reynolds number.

r, ., z = earth-fixed secondary coordinate system (Fig. 1).

S = aerodynamic force component along z axis.

uf, U7),, u components of stream velocity in body coordinates.

v, = center of mass velocity vector component along x axis.

Vy = center of mass velocity vector component along y axis.

Vz = center or mass velncity vector component along z axis.

w, = downrange wind velocity.

w. crossrange wind velocity.

x, y, z = local space coordinates associated with r, y, z (Fig. 1).

X, Y, Z = earth-fixed priwary coordinate system (Fig. 1).

a = angle of attack: angle between stream velncity vector and eaxis.

S= roll angle: angle between plane of angle of attack and 7? axis.

S= fin deflection.

X. A, v = local space coordinates associated with X, Y, Z (Figs. 1 and 3).

q,, 4 - body-fixed coordinate iystem (Fig. 2).

p(r) = atmospheric density.

4), 0, / = Fuler orientation angles (Fig. 3).

(at = pitch rate.

W)• yaw rute.

= roll rate.

o, c , = see Eq. (4).
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